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The Izod impact test is analyzed numerically using a polymer constitutive relation with material parameters qualita-
tively representative of a polycarbonate. The computations are full 3D transient analyses using explicit time integration
and accounting for ﬁnite strains. The main purpose of the analyses is a comparison of the stress and strain ﬁelds that
develop for the various specimen geometries that are used in practice, ranging from a specimen with a square cross-section
to a specimen with a width about a quarter of that value. It is shown that the response varies from something close to a
plane strain response to something close to a plane stress response. The results illustrate the eﬀect of the stress–strain
behavior of polymers, which involves attaining a stress peak, followed by softening and then by the gradual evolution
of a very stiﬀ response resulting from increasing network stiﬀness.
 2008 Elsevier Ltd. All rights reserved.
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The Izod pendulum impact test is frequently used to measure the impact resistance of plastics. The test
specimens are somewhat similar to the Charpy V-notch specimens often applied to test the brittle–ductile tran-
sition in structural steels, but in the Izod test the notched specimen stands clamped in a vertical position, and
the pendulum strikes the clamped specimen near the free end. According to ASTM D256 the plastic specimen
has standard length, depth and notch dimensions, but tests are carried out with diﬀerent specimen widths,
ranging from a width equal to the specimen depth (square specimen cross-section) to a width about a quarter
of that value. The small width specimens give deformations under conditions near plane stress while the square
cross-section specimens give higher constraint on plastic ﬂow, and thus higher stress levels. An example of the
use of the Izod impact test has been given recently by Argon and Cohen (2003) in a discussion of the appli-
cation of rubbery particles or rigid particles to avoid a ductile to rigid transition in semi-crystalline polymers.
When polymers are compressed or stretched to large strains, the plastic straining usually initiates at a stress
peak and subsequently the stress level decays during large straining until increased network stiﬀness gives very0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.02.024
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material behavior have been developed by Argon (1973), Boyce et al. (1988), Boyce and Arruda (1990), Arr-
uda and Boyce (1993), Wu and Van der Giessen (1996). Recently, Mulliken and Boyce (2006) have further
enhanced these constitutive models to incorporate mechanisms that are activated during high loading rates.
These constitutive relations have been applied and compared with experiments for Taylor impact experiments
of polycarbonate by Sarva et al. (2007).
For metals, the predictions of the Charpy V-notch test have been analyzed in some detail. Thus, Ritchie
(1978) has compared predictions of the test with predictions of a sharp crack test, Tvergaard and Needleman
(1986, 1988), have analyzed the failure mode transition in the Charpy test, Benzerga et al. (2002) have studied
size eﬀects, and also full 3D analyses have been carried out Mathur et al. (1994),Tvergaard and Needleman
(2004). Based on these and many other studies it is well understood that the behavior in the Charpy test
depends mainly on the material strain-rate sensitivity and on the temperature dependence of the yield stress.
In the present paper, the evolution of stress- and strain-ﬁelds in Izod specimens is analyzed. The constitu-
tive relation used is mainly adopted from Wu and Van der Giessen (1996), and the material parameters are
chosen so that the model qualitatively represents the polycarbonate response in Mulliken and Boyce
(2006). The analyses are continued up to very large strains, well beyond the stage where network locking ini-
tiates at the notch-tip, so at the end of the computations a region of very high network stiﬀness has developed
around the notch. The analyzes are carried out for specimen widths ranging from the lowest to the largest
width recommended in ASTM D256, and the eﬀect of the width is studied, both for the force displacement
curves and for the stress distributions that develop in the specimens.2. Problem formulation
2.1. Initial/boundary value problem
A convected coordinate Lagrangian formulation is used and full transient calculations are carried out. The
ﬁnite element calculations are based on the dynamic principle of virtual work written asZ
V
sijdEij dV ¼
Z
S
T idui dS 
Z
V
q
o2ui
ot2
duidV ð1ÞwithT i ¼ ðsij þ skjui;kÞmj ð2Þ
Eij ¼ 1
2
ðui;j þ uj;i þ uk;iuk;jÞ ð3Þwhere sij are the contravariant components of Kirchhoﬀ stress on the deformed convected coordinate net
(sij ¼ Jrij, with rij being the contravariant components of the Cauchy or true stress and J the ratio of current
to reference volume), mj and uj are the covariant components of the reference surface normal and displacement
vectors, respectively, q is the mass density, V and S are the volume and surface of the body in the reference
conﬁguration, and ðÞ;i denotes covariant diﬀerentiation in the reference frame. All ﬁeld quantities are consid-
ered to be functions of convected coordinates, yi, and time, t.
The Izod specimen analyzed is sketched in Fig. 1 with overall length L = 63.5 mm and depth b = 12.7 mm
(the x; y and z directions shown in Fig. 1 correspond to the y1; y2 and y3 directions, respectively). The origin of
the coordinate system is taken so that L=2 6 y3 6 L=2, 0 6 y1 6 b and w=2 6 y2 6 w=2. The notch depth is
2.54 mm, the notch radius is 0.25 mm and the notch angle is 22.5. Two types of calculations are carried out.
In one set of calculations, specimens having various values of the width w are analyzed. In these calculations,
symmetry about the mid-plane is assumed so that half the specimen is analyzed ð0 6 y2 6 w=2Þ, with symme-
try conditions imposed on y2 ¼ 0 and traction free conditions on y2 ¼ w=2. In the other set of calculations,
plane strain conditions are simulated by enforcing zero displacement conditions on the surfaces y2 ¼ 0 and
y2 ¼ w=2.
The loading is applied by a prescribed velocity, V ðtÞ, along a portion of the notched edge y1 ¼ 0 with
Fig. 1. Sketch of the Izod specimen analyzed.
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where C = 22 mm andV ðtÞ ¼ V 1t=tr for t < tr
V 1 for t > tr

ð5Þwith V1 = 3.5 m/s and tr = 0.3 ms.
The lower half of the specimen is held in grips so thatuið0; y2; y3Þ ¼ 0 uiðb; y2; y3Þ ¼ 0 for y3 < 0 ð6Þ
At suﬃciently large deformations the back side of the specimen (the side along y1 ¼ b) can come into con-
tact with the top of the grip, which is taken to be planar at y3 ¼ 0. When contact occurs, frictionless sliding is
assumed, as speciﬁed by the requirementu3ðb; y2; y3Þ þ y3 P 0 for y3 > 0 ð7Þ
Twenty node brick elements are used with eight point integration for the force term, the left hand side of
Eq. (1), and twenty-seven point integration for the mass matrix, the last term on the right hand side of Eq. (1)
(a lumped mass matrix is used which is preferable both for accuracy and computational eﬃciency, Krieg and
Key, 1973). Since a Lagrangian formulation is used, the integrations for the mass matrix need only be carried
out once and the twenty seven point integration was found to give more accurate elastic wave speeds. A rep-
resentative mesh is shown in Fig. 2. The same mesh in the y1  y3-plane is used in all calculations. The number
of through thickness elements (y2-direction) used varies with the specimen thickness. The plane strain calcu-
lations are carried out using one element in the y2-direction.
The equations resulting from substituting the ﬁnite element discretization of the principle of virtual work,
Eq. (1), are integrated numerically by an explicit integration procedure, the Newmark b-method with b ¼ 0,
X Y
Z
Fig. 2. A representative ﬁnite element mesh. This mesh consists of 6400 20 node brick elements and 31,809 nodal points (95,427 degrees of
freedom).
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tion is mostly adopted from Tvergaard and Needleman (2004) and Tvergaard and Needleman (2006).
2.2. Constitutive relation
The constitutive relation used in the calculations is mainly adopted from Wu and Van der Giessen (1996)
and is based on models proposed by Boyce and co-workers (see Boyce et al. (1988), Boyce and Arruda (1990),
Arruda and Boyce (1993) and Mulliken and Boyce (2006)). Here, as in Wu and Van der Giessen (1996), non-
linear elastic eﬀects are neglected and the elastic part of the response is taken to be governed by a linear hyp-
oelastic relation. Furthermore, since small elastic strains and incompressible plastic deformations are assumed,
the distinction between the Cauchy stress r and the Kirchhoﬀ stress s is ignored.
Wu and Van der Giessen (1996) present a model of the orientation hardening that involves a linear com-
bination of three- and eight-chain models. The three chain model is not simply represented in tensor form and
here we conﬁne attention to the eight-chain model (Arruda and Boyce, 1993).
The rate of deformation tensor D ¼ symð _F  F1Þ, where F is the deformation gradient, symðÞ denotes the
symmetric part of a second order tensor, ðÞ1 denotes the inverse and ð _Þ denotes oðÞ=ot, is written asD ¼ De þDp ð8Þ
whereDe ¼ L1  r^ ð9Þ
with L the isotropic tensor of moduli with elastic constants Young’s modulus E and Poisson’s ratio m.
The plastic part, Dp, is written asDp ¼ _cpp ð10Þ
Combining Eqs. (8)–(10) givesr^ ¼ L : D _cpP ð11Þ
where P ¼ L : p and, in Cartesian tensor notation, L : p ¼ Lijklplk.
With _cp and p speciﬁed, Eq. (11) can be used directly to update the stress state. However, this would require
very small time steps for numerical accuracy and stability. The rate tangent approach of Peirce et al. (1984)
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approach, Eq. (11) is replaced by, Wu and Van der Giessen (1996),r^ ¼ Ltan : D Ptan ð12Þ
whereLtan ¼ L HP  P Ptan ¼ _c
pðtÞ
1þ nP ð13Þwith H and n given byn ¼ gðhDtÞ o _c
p
os
H ¼ nﬃﬃﬃ
2
p
gð1þ nÞ ð14ÞHere, Dt is the magnitude of the time step and h is a parameter of the numerical procedure. The quantities
_cp; p and g are speciﬁed by the constitutive relation. Wu and Van der Giessen (1996) have determined the rate
tangent expressions for a class of polymer constitutive relations and we use their formulation specialized to the
eight chain model. In the calculations here, the plastic strain rate _cp is taken as_cp ¼ _c0 exp DGkT 1
s
s aðtrrÞ=3
 m  
 _c0 exp DGkT
 
ð15Þwhere m; _c0;A and a are material constants, T is the temperature (Kelvin) and k is Boltzmann’s constant
k = 1.38  1023 J/K. The last term in Eq. (15) is included so that _cp ¼ 0 when s ¼ 0. The exponent m has
been regarded as having a ﬁxed value in previous implementations of Eq. (15), but is regarded here as a
parameter to better ﬁt experimental results. The value used for the parameter a is suﬃciently small that the
term involving the hydrostatic stress in Eq. (15) remains positive over the range encountered. Also,p ¼ r
0  b0ﬃﬃﬃ
2
p
s
s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
ðr0  b0Þ : ðr0  b0Þ
r
ð16Þwith ðÞ0 denoting deviatoric quantities.
The hardness s in Eq. (15) is taken to evolve as_s ¼ h 1 s
sss
 
_cp ð17Þwith h and sss material constants. Also, s is taken to have the initial value s0.
For the eight-chain model, Arruda and Boyce (1993),b ¼ 1
3
CR
ﬃﬃﬃﬃ
N
p bc
kc
B ð18Þwhere B ¼ F  FT , (F is the deformation gradient), CR and
ﬃﬃﬃﬃ
N
p
are speciﬁed material constants andk2c ¼
1
3
trB bc ¼ L1
kcﬃﬃﬃﬃ
N
p
 
ð19ÞwithLðxÞ ¼ cothðxÞ  1
x
ð20ÞThe quantity g in Eq. (14) is given byg ¼ 1ﬃﬃﬃ
2
p Eð1þ mÞ þ p : R
0 : p
 
ð21Þwhere R is deﬁned byb^ ¼ R : D ð22Þ
3956 V. Tvergaard, A. Needleman / International Journal of Solids and Structures 45 (2008) 3951–3966and b^ is the Jaumann rate of b. In (21),R0 ¼ R 1
3
ðI : RÞI ð23Þwith I the identity tensor.
On the current convected coordinates,bij ¼ 1
3
CR
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N
p bc
kc
F pqF qr:F
p
:iF
r
:j ð24Þand F ij ¼ gij þ oui=oyj with gij being the covariant components of the reference metric tensor.
The contravariant components of the tensor R in Eq. (22) are given byRijkl ¼ eRijkl þ 1
2
½gkiblj þ glibkj þ gljbik þ gkjbil ð25Þwith gij the contravariant components of the metric tensor in the current conﬁguration and eRijkl computed
from~R ¼ 1
3
CR
ﬃﬃﬃﬃ
N
p vcﬃﬃﬃﬃ
N
p  bc
kc
 
B  B
trB
 
ð26ÞHere,vc ¼
b2c
1 b2ccsch2bc
ð27Þand bc is given by Eq. (19) with L
1ðxÞ obtained from a Newton-Raphson solution to Eq. (20).
In order to update the stress, the Jaumann rate of r is calculated from Eq. (12) and the convected rate of
Cauchy stress is obtained using standard kinematical relations. Also, the rate tangent expression for updating
_cp is_cp ¼ _c
pðtÞ
1þ nþ
ﬃﬃﬃ
2
p
En
2gð1þ nÞð1þ mÞ p : D ð28ÞWhen kc approaches the limit stretch kmax ¼
ﬃﬃﬃﬃ
N
p
, the hardening rate provided by the increased network
stiﬀness grows very large, thus eﬀectively suppressing all further plastic ﬂow. Lai and Van der Giessen
(1997) disable viscoplastic ﬂow ð _cp ¼ 0Þ when kc exceeds rkmax, so that the instantaneous response becomes
fully elastic, and they chose the value r ¼ 0:99. Disabling plastic ﬂow for suﬃciently large kc improves the sta-
bility of the transient analysis signiﬁcantly; here we chose r ¼ 0:95.
In a dynamic calculation numerical stability requires that the time step Dt be less than or equal to the small-
est mesh spacing divided by the fastest wave speed. However, in the current calculations the time step is gen-
erally limited by the constitutive updating and Dt is controlled so that the plastic strain increment _cpDt never
exceeds a speciﬁed value Dc, which is chosen as Dc ¼ 0:0002 in most of the calculations here.
3. Numerical results
3.1. Material response
In the calculations, material parameters that qualitatively represent the polycarbonate response in Mulliken
and Boyce (2006) are used although a detailed quantitative ﬁt is not made. The elastic constants are taken to
Young’s modulus E = 1.815 GPa and m = 0.38. The density q is taken to be 1300 kg/m3. The plastic constitu-
tive parameters are: CR = 12.6 MPa,
ﬃﬃﬃﬃ
N
p ¼ 1:52, h = 50 MPa, sss ¼ 22:71 MPa and the initial value of s is
s0 = 81.65 MPa, DG = 3.744  1019 J, a = 0.08, m = 0.2, _c0 ¼ 8940 s1, and the temperature T is ﬁxed at
298 K so that DG=ðkT Þ ¼ 91:08.
Computed uniaxial stress strain curves are shown in Fig. 3. Here, r is the absolute value of the Cauchy (or
true) stress and  is the absolute value of the logarithmic strain. The tension-compression asymmetry of the
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Eq. (15)), with there being a higher initial peak in compression at both rates. However, the rapid rise in stress
level occurs at a smaller absolute value of strain in tension than in compression, and at large strains ð > 0:4Þ
the stress levels in tension are higher than in compression. In both tension and compression, at suﬃciently high
stresses, the curves at the two rates tend to converge.3.2. Response in the Izod test
Curves of normalized force versus normalized displacement for Izod specimens having various values of the
width w are shown in Fig. 4. The plane strain calculation corresponds to the limit w!1. The values of force
are normalized by the width w and the imposed displacement U is normalized by the depth b (see Fig. 1). The
dynamic nature of the loading induces the oscillations in the initial response, but shortly after inelastic defor-
mation occurs the oscillations are damped out. Most qualitative features of the response are the same for all
values of the width w. However, for the thicker specimens, and particularly for the plane strain calculation,
there is a force peak, whereas for the thinner Izod specimens a peak is not attained. Also, at a given value
of normalized displacement, the highest values of normalized force are obtained under plane strain conditions;
at U=b ¼ 1; F =w is 168 KN/m in plane strain and 139 KN/m with w = 3 mm, about a 17% diﬀerence.
Fig. 5 shows the distribution of plastic strain cp on the deformed specimen geometry for the calculation with
the width w = 6.35 mm at U=b ¼ 0:713. The deformation mode of the entire Izod specimen is shown. The
greatest straining occurs at the notch and there is also a high strain region opposite the notch where the bend-
ing strains are concentrated due to the nature of the constraint. In Fig. 5, and subsequently in Figs. 6–9, 12–14,
the plots on the left show the specimen surface ðy2 ¼ w=2Þ, while the plots on the right show the symmetry
plane ðy2 ¼ 0Þ. A band of deformation connecting these two regions of plastic strain concentration is seen
at y2 ¼ w=2 (Fig. 5a) but not at the specimen midsection y2 ¼ 0 (Fig. 5b).
In Figs. 6 and 7 attention is focused on the distributions in the notch vicinity for the calculation with the
width w = 6.35 mm at U=b ¼ 1:20. At this stage of deformation, there is a deformation band across the spec-
imen linking the plastic strain concentration at the notch root and the impact side (Fig. 6a and b). This band is
evident both at the free surface, Fig. 6a, and at the specimen midsection, Fig. 6b, with the deformations in theε
σ
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Fig. 3. Uniaxial stress–strain curves at 1/s and 5000/s in tension and compression for the material parameters used in the Izod
calculations.
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Fig. 5. The distribution of cp in the full specimen for the calculation with the width w = 6.35 mm at U = 9.06 mm (U/b = 0.713).
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the mean normal stress, rm ¼ trðrÞ=3, is greatest at the notch root and the region of largest positive rm is
directly ahead of the notch, not in the band where the plastic strain cp is concentrated. It is worth contrasting
this distribution with that in metal plasticity where the maximum rm occurs some distance into the material
directly ahead of the notch. This diﬀerent mean normal stress distribution is a consequence of the very high
hardening response of the polymer at large strains.
Fig. 6. The distribution of ﬁeld quantities in the notch vicinity for the calculation with the width w = 6.35 mm at U = 15.3 mm
ðU=b ¼ 1:20Þ. (a and b) cp. (c and d) rm.
Fig. 7. The distribution of ﬁeld quantities in the notch vicinity for the calculation with the width w = 6.35 mm at U = 15.3 mm
ðU=b ¼ 1:20Þ. (a and b) s. (c and d) s.
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b. The greatest values of s are focused in the deformation band above the notch; not at the notch surface
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s0 = 81.65 MPa and decreases monotonically with plastic deformation until the steady state value of
22.71 MPa is attained. At the stage of deformation in Fig. 7, the minimum value of s is about 29 MPa, so
the steady state value has not yet been reached. The smallest value of s occurs on the notch surface which
is where the plastic strain cp is greatest. Away from the notch region, the state variable s has its initial value
s0. Hence, all plastic deformation is conﬁned to a region within about d=2 6 y3 6 d=2 where d is the current
notch opening.
Corresponding plots for the Izod secimen with w = 12.7 mm are shown in Figs. 8 and 9 also at U=b ¼ 1:20.
The band of localized deformation is more well-developed in the thicker specimen in Fig. 8, particularly at the
midsection Fig. 8b. There is a signiﬁcant diﬀerence in the mean normal stress distributions at the free surface,
Fig. 8c, and at the midsection, Fig. 8d. In both cross-sections, the greatest values of rm occur on the notch
surface where the plastic strain is greatest. However, on the free surface, the value of the mean normal stress
rm at about 6 mm in front of the notch is about 110 MPa whereas at the same distance ahead of the notch in
the midsection a value twice as great is attained.
As for the specimen with w = 6.35 mm, the high values of s in Fig. 9 mainly occur in the deformation band.
There is however a noticeable diﬀerence in the distributions of s on the free surface, Fig. 9a and at the spec-
imen midsection, Fig. 9b, with there being a more well-developed band of increased values of s below the
notch in Fig. 9b. A signiﬁcant diﬀerence between the distributions of the state variable s in Fig. 9c and d
and the corresponding distributions in Fig. 7 is that with w = 12.7 mm, there is some reduction in the value
of s away from the notch region, on the free surface above the notch, which indicates that some plastic defor-
mation has taken place there, as indeed is seen in Fig. 8a and b.
In plane strain (the limiting case w!1), ﬁeld quantities are independent of y2 (which is true to a very good
degree of approximation in the numerical results) so that only one cross-section is shown in Figs. 10 and 11.
Here, the distributions of ﬁeld quantities are shown at U=b ¼ 1:18. The deformation band is well-developed in
Fig. 10a and the distribution of mean normal stress in Fig. 10b is quite close to that at the midsection of the
specimen with w = 12.7 mm (Fig. 8d) indicating that plane strain conditions are well-approximated there.Fig. 8. The distribution of ﬁeld quantities in the notch vicinity for the calculation with the width w = 12.7 mm at U = 15.3 mm
ðU=b ¼ 1:20Þ. (a and b) cp. (c and d) rm.
Fig. 9. The distribution of ﬁeld quantities in the notch vicinity for the calculation with the width w = 12.7 mm at U = 15.3 mm
ðU=b ¼ 1:20Þ. (a and b) s. (c and d) s.
Fig. 10. The distribution of ﬁeld quantities in the notch vicinity for the plane strain calculation at U = 15.0 mm ðU=b ¼ 1:18Þ.
(a) cp. (b) rm.
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Fig. 11. The distribution of ﬁeld quantities in the notch vicinity for the plane strain calculation at U = 15.0 mm ðU=b ¼ 1:18Þ. (a) s. (b) s.
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U=b ¼ 1:17, Fig. 12a and b. Furthermore, the plastic strain distribution is nearly the same at the free surface
(Fig. 12a) and at the midsection (Fig. 12b) indicating that plane stress conditions prevail. Indeed, although not
evident in the two dimensional view in Figs. 12 and 13 considerable thinning has taken place in the high strain
region near the notch; the section width is reduced from 3 mm to about 1 mm. Conversely, the strain concen-
tration on the surface opposite the notch gives rise to thickening. Because of the very high hardening, the peak
value of mean normal stress rm, which occurs on the notch surface, is about the same in Fig. 12c and d as
under plane strain conditions in Fig. 10. Also, the value of rm in the high strain region in front of the notch
is about 150 MPa which is not that much reduced from the corresponding plane strain value of about
200 MPa.
Although the plastic strain magnitude is greatest in front of the notch, s in Fig. 13a and b has its peak val-
ues in a band above the notch as for the thicker specimens. On the other hand, the smallest values of the state
variable s occur in the high strain regions. Outside a region about two notch widths centered at the notch, s has
its initial value of 81.25 MPa. A plastically deforming region above the notch as seen for the thicker specimens
does not occur under these plane stress conditions.4. Discussion
The present numerical analyses of the Izod impact test have shown the clear diﬀerences between the stress
and strain ﬁelds that develop in the thick specimen with a square cross-section, w=b ¼ 1, and in the thinnest
specimen considered, w=b ¼ 0:236. For the thick specimen the stress level, as measured by the mean tensile
stress rm, is much higher in the midsection of the specimen than on the free surfaces at the sides of the spec-
imen, and in fact the stress levels in the midsection are quite close to those reached in a plane strain analysis,
Fig. 12. The distribution of ﬁeld quantities in the notch vicinity for the calculation with the width w = 3 mm at U = 14.8 mm
ðU=b ¼ 1:17Þ. (a and b) cp. (c and d) rm.
Fig. 13. The distribution of ﬁeld quantities in the notch vicinity for the calculation with the width w = 3 mm at U = 14.8 mm
ðU=b ¼ 1:17Þ. (a and b) s. (c and d) s.
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the other hand the thin specimen, w=b ¼ 0:236, shows nearly the same stress levels and stress distributions in
the midsection and on the free surfaces at the specimen sides, indicating that here plane stress conditions pre-
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developed such that near the notch the specimen thickness reduces to about one third of the initial specimen
width, and thickening occurs in the highly strained region at the surface opposite to the notch.
As for the plane strain specimen, the thick specimen ðw=b ¼ 1Þ develops a strong deformation band from
the notch to the opposite side of the specimen, in which high levels of the plastic strain, cp, have accumulated.
Also the intermediate thickness specimen, w=b ¼ 0:5, shows this band-like mode of deformation, but in the
thin specimen the deformation mode has changed to one where the highly strained regions at the notch
and at the opposite side of the specimen are only connected by a low strain region. For all the specimens
the highest levels of plastic strain and the highest stress levels have developed at the notch-tip. Here, the poly-
mer constitutive model represents the very high network stiﬀness that develops when the stretch approaches a
maximum value characteristic of the particular polymer. This means that a region of very stiﬀ material has
grown around the notch-tip.
The contour plots for each of the specimens show that the value of the hardness s is lowest near the notch-
tip and is generally low in the deformation band. This is due to the softening mechanism incorporated in the
constitutive model through Eq. (17). With the material parameters used here it is clear that the value of s will
decay as long as the plastic strain increases. The high network stiﬀness that develops in the polymer is repre-
sented by a diﬀerent part of the material model (see Eq. (18)) and is independent of the value of s.
The material model applied for the present analyses does not account for fracture. But fracture mechanisms
for polycarbonate have been studied by Gearing and Anand (2004), who considered a ductile mechanism and
a brittle mechanism. As a criterion for ductile tearing they use a critical value of an eﬀective plastic stretch kp,
which is deﬁned as the value kc in Eq. (19), but in terms of the plastic part of the deformation gradient. Their
experiments show a critical value of kp around 1.19. As a brittle fracture mechanism they suggest that small
internal cracks will start to nucleate at a critical value of the mean normal stress, found in their experiments to
be 83.5 MPa, and ﬁnal brittle fracture is expected when the elastic volumetric strain has grown to about four
times the value corresponding to this critical stress. When considering the high values of the mean normal
stress found in the present analyses, and the high values of the stretch at the notch-tip, it appears that fracture
by one of the two mechanisms would have occurred before the end of all the analyses. But we have not studied
which mechanism would be critical ﬁrst.
It is worth noting that the triaxiality of the stress state can play a role in the fracture process. For example,
one of the fracture mechanisms considered by Gearing and Anand (2004) is cavitation and void growth rates
are aﬀected by the stress triaxiality. Fig. 14 shows the distribution of the stress triaxiality, rm=re, in the vicinity
of the notch tip for the specimen with the width w = 12.7 mm at two stages of deformation; U = 8.12 and
U = 15.3 mm. Here, re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3r0 : r0=2
p
is the Mises eﬀective stress and rm is the mean normal stress. Although,
the maximum mean normal stress occurs on the notch surface at the specimen center at both stages of defor-
mation, the maximum triaxiality occurs inside the material. Furthermore, the triaxiality is higher at the earlier
stage of deformation. The peak value of the triaxiality, rm=re, in Fig. 14b is  4 and has decreased to  3 in
Fig. 14d. This indicates that if the stress triaxiality aﬀects the cavitation strength for polymers, the onset of
cavitation may occur before network stiﬀening sets in. Also, in Fig. 14b (U = 8.12 mm) there is a local peak
in rm in the region ahead of the notch where there is a triaxiality peak whereas in Fig. 14d (U = 15.3 mm) there
is no such local peak in the value of rm. The triaxiality distribution is only shown here for the square cross-
section specimen. The triaxiality distribution for the thinnest specimen, w = 3 mm, although diﬀering from
that in the thicker specimen shares some features: (i) the triaxiality peak is inside the material at the specimen
midsection; and (ii) the maximum triaxiality is higher in that vicinity, rm=re  2:4, at U=b ¼ 0:71 than it is at
U=b ¼ 1:17 when rm=re  1:7 there.
In the present numerical implementation for transient analysis with explicit time integration some features
of the polymer constitutive model have turned out to be important. The explicit time integration method is
very sensitive to material stiﬀness and the method becomes very unstable when the stretch in some material
points approaches the limiting stretch for high network stiﬀness. Therefore viscoplastic ﬂow is disabled when
kc exceeds rkmax (Lai and Van der Giessen, 1997) and the present analyses have shown that the explicit time
integration remains stable when r ¼ 0:95. Another issue is the expression in Eq. (15) for the plastic strain rate
_cp, where traditionally the last term has not been included. However, if the strain-rate is near zero, as cannot
Fig. 14. The distribution of stress triaxiality, rm=re, in the notch vicinity for the calculation with the width w = 12.7 mm. (a and b) at
U = 8.12 mm ðU=b ¼ 0:64Þ. (c and d) at U = 15.3 mm (U=b ¼ 1:20).
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Therefore, the constant has been subtracted in Eq. (15). Analyses based on explicit time integration can be
carried out without incorporating these two features if the stretch never grows near kmax, and no integration
points have very small values of _cp. It is noted that if fracture criteria are incorporated in the material model
fracture will most likely occur before the network stiﬀening sets in, as mentioned above, which will then elim-
inate the need for a critical value of r.
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